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In [l], Amitsur investigated the relationship between the (Jacobson) 
radical of an associative algebra !!I and the radical of the algebra obtained 
by extending the base field of 91. In view of McCrimmon’s results [7] con- 
cerning the relationship between the radical of an associative algebra and 
those of the quadratic Jordan algebras constructed from it, w-e were lead 
to an investigation of the relationship between the radical of a quadratic 
Jordan algebra J (over a field of arbitrary characteristic) and the radical of 
the algebra obtained by extending the base field of J. 
As in the case of associative algebras, if J is a semisimple quadratic Jordan 
algebra over a field F and R is a purely inseparable extension of F, ,7, I-: 
,7 @I~ K need not be semisimple. In view of NIcCrimmon’s result [7] that 
the radical of an associative algebra $3 coincides with that of the quadratic 
Jordan algebra ?I+, any of the many examples used to show that semisimpli- 
city of associative algebras is not preserved under purely inseparable field 
extensions will show the same result for quadratic Jordan algebras (see, 
e.g., [2, p. 2.511). 
The Xlain Theorem of Amitsur’s paper [l] concerning the radical of an 
associative algebra and extensions of the base field is the following. 
THEOREM (Amitsur). Suppose ‘LL is an associatizle algebra orer a field F, 
and Jt(41) denotes the jacobson radical of W. If K is a separable algebraic 
exfension of F, then J\(PI,) = R(YI), , If K is a purely transcendental extension 
of F, then si(‘21L,) = !JIK , where ‘13 =: si(‘LI,) CT 01 is a nil ideal (and therefore, 
contained in s‘\(%)). 
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‘The Main Theorem we prove in this paper requires a considerably stronger 
assumption than that of Amitsur’s theorem, namely, the assumption of finite 
dimensionality of the quadratic Jordan algebra. Our Main Theorem is the 
following. 
RIAIX rr~~~~~~~. Suppose 5 is a finite-dimensional quadratic Jordan 
algebra o4‘er a $eld F, and K is a separably generated jell extension of F. 
The?1 
where Si(,l) denotes the (Jacobson) radical of ,7. 
Amitsur in [II] considered the problem of determining the Jacobson 
radical of a polynomial ring Yl[p,], where ?I is an associative ring and {p,] is 
a set of algebraically independent indeterminates over ?I. He proved that 
Ji(%[p,]) == %[p,], where % is a nil ideal in ?I. We prove the analogous result 
for polynomial rings over a quadratic Jordan algebra. 
We also determine sufficient conditions on the quadratic Jordan algebra 3 
that will guarantee the nondegeneracy of the algebra JK , where K is a 
separably generated extension field of F, (the base field of 3). 
In this paper, we deal with quadratic Jordan algebras as first defined by 
ILIcCrimmon in [5] based on an axiomatization of the quadratic operator 
bC,, . For all basic results on quadratic Jordan algebras that are quoted 
without reference, the reader is referred to [4]. 
A quadratic Jordan algebra is said to be nondegenerate if it has no nonzero 
absolute zero divisors. (An element a is an absolute zero diGsor if G, is the 
zero map.) ILIcCrimmon [6, Theorem 91 has shown that the ideal 3(z) 
generated by the absolute zero divisors in a quadratic Jordan algebra 3 
consists precisely of all finite sums of absolute zero divisors. He has also 
shown [6, Theorem 1 l] that s(3) is a nil ideal, and hence, is contained in the 
nil radical m(z), which is the maximal nil ideal in 5. 
lLIcCrimmon in [6] defined the (Jacobson) radical (hereafter referred to as 
the radical) of a quadratic Jordan algebra J to be the maximal quasi-inv-ertible 
ideal of 3, and proved in [6, 8, lo] that it has many of the properties of the 
(Jacobson) radical of an associative algebra. As in the case of associative 
algebras, a quadratic Jordan algebra is said to be semisimple if it has zero 
radical. 
LIcCrimmon in [6] investigated the relationship between semisimplicit! 
and nondegeneracy. He proved that a semisimple quadratic Jordan algebra 
is nondegenerate and that a nondegenerate quadratic Jordan algebra satis- 
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fying the minimum condition on principal inner ideals is semisimple. In 
particular, a finite-dimensional quadratic Jordan algebra is semisimple if and 
only if it is nondegenerate. 
In dealing with quadratic Jordan algebras, it is extremely convenient to 
deal with unital algebras; i.e., those with an element 1 such that C; is the 
identity map. McCrimmon in [9] briefly explained the method of embedding 
a nonunital quadratic Jordan algebra J (over F) in a unital one 3’ = F . 1 + J 
(where the U operator on 3’ is defined to be an extension of the one on 3 in 
such a way that CT, is the identity mapping on a’). 
An element a of a quadratic Jordan algebra with a unit (without a unit) 
is said to be quasi-imertibZe if 1 - a is invertible in 3 (resp. 3’). ilIcCrimmon 
[6, p. 6721 has given a purely intrinsic characterization of quasi-invertibility 
(i.e., one that does not refer to s’), but since we will not need it, we do not 
present it here. For all results on quasi-inverses and the radical given without 
reference, the reader is referred to [6]. 
To simplify our arguments, we prefer to deal primarily with unital quadratic 
Jordan algebras; to be able to do so, we will need the following proposition. 
PROPOSITION 1. Suppose J is a quadratic Jordan al&gebra without unit 
over a jield F, and 3’ is the algebra obtained by adjoining a unit to 3. Then 
(i) For any extension K of F 
GA = W)K 9 where SK == 3 OF A?. 
(ii) J is nondegenerate if and only if 3’ is. 
(iii) G(3) = Q’), where 3(J) denotes the radical ofz. 
Proof. The proof of (i) is obvious. (ii) Suppose (y. 1 + x is an absolute 
zero divisor in 3’, where a: E F and 0 # .X E J. Then, for any fl E F and 31 E ,7, 
0 = (/3 1 + y)U,.,+, = a*p . 1 + or2v + 24.X + a9 0 J’ L 1’ z’T, . _ 
Thus, since 1 is independent of J, + = 0, but since this must hold for all 
p E F, 0: = 0. Thus, x is an absolute zero divisor in J’, but 3 is isomorphically 
embedded in 3’. Hence, x is an absolute zero divisor in 3. 
Conversely, suppose x is an absolute zero divisor in J. Then, either 
x2 =- 0 or x2 + 0. If x2 = 0, 0 == x2 = 1 l,FZ ; thus, x is an absolute zero 
divisor in 3’ (since a basis of J’ is obtained by adjoining 1 to a basis of 3). 
If x2 + 0. then .+ is an absolute zero divisor in J since UZi,, = U,Ei,z [9, 
p. 2731. Furthermore, 1 U,,, == 1 U,U, = x2UT = 0. Thus, ?;I is an absolute 
zero divisor in 3’, completing the proof of (ii). 
(iii) Suppose a = a . 1 + J’ E R(J’), where 0 7: a: EF, ~9 E 5. Then, 
u-la == 1 + a-4, E si(@‘), and (~~~31 E 3. Thus, we can suppose with no loss 
of generality that 01 = 1. 
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Hence, a 2 1 + 3’ E Si(3’). Thus, I i- J is quasi-invertible, which 
implies that y is invertible in 3 *‘. Then, there exists b E J’ such that bzGu 7; 1. 
Since J is an ideal in 3’ and 4’ E 3, this implies that 1 E J, which is a contra- 
diction. Thus, no such a can exist with 01 $I 0. 
Thus, S1(3’) C J. But R(J’) n 3 :== 52(s) [6, Theorem 51. Thus, ‘H(3)) :- : 
S(s), proving (iii). 
In view of the proposition just proved, it suffices to concern ourselves 
exclusively with unital quadratic Jordan algebras, and we shall do this 
whenever it is convenient in this paper. From this point on, we use the term 
Jordan algebra to mean unital quadratic Jordan algebra. 
2. EXTENSIONS OF SEMISIMPLE ALGEBRAS 
In this section, we show that if 3 is a semisimple Jordan algebra over a 
field F, and if K is a separably generated field extension of F, then & is 
nondegenerate. As a consequence, we deduce that if 3 is a finite-dimensional 
semisimple Jordan algebra over a field F, and if K is a separably generated 
field extension of F, then JK is semisimple. The proof will be by a sequence 
of lemmas. 
An estension K of a field F is said to be separably generated if it has a 
separating transcendency basis; i.e., if there exists a field E with F C E L K, 
where B is a purely transcendental extension of F, and K is a separable 
algebraic estension of E. The reader unfamiliar with this terminology is 
referred to [3, pp. 160-1671. 
Thus, it suffices to prove the result stated at the beginning of this section 
separately for purely transcendental and for separable algebraic extensions. 
We begin with the following general result that will be used in both the 
separable algebraic and purely transcendental cases. 
LmmA 1. Suppose 3 is a Jordan algebra over a field F, and k’ is an 
arbitrary estension field of F. Then 
(i) iJ‘ a E 3 is invertible in & , it is invertible in 3. 
(ii) W(&) n 3 C Si(s). 
Proof. (i) Let {II u {CX~ j iEl) be a basis for K over F (where I is some 
index set) and let x be the inverse of a. Then 
where i,~ ,’ 1 )..., a,) r :cy i E II, and b,, , b, F 3. 
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The condition x136, = a gives 6,,CTcL t C or,(biU,) = a. But since a E J, 
this implies b,EU == a and bjiYa = 0 for j = l,..., n. Thus, it follows that 
b, zx a-‘. 
(ii) The result in (i) clearly holds also for quasi-invertibility. Thus, 
every element of the ideal SZ(&) n 3 of J is quasi-invertible in 3. 
Hence, $I(&) n J _C 53(z), as required. 
Before beginning our proof of the desired result for separable algebraic 
extensions, we state the following special case of a well-known lemma 
[12, pp. 295-2961. 
LEMMA 2. Suppose K- is a finite normal separable extension of a Jield F, 
and V is a vector space over F. Then, any subspace U’ of VK invariant under 
all mappings of the form 1 @ o for o in the Galois group of K over F has the 
form UK , where U = V n CT’ is a subspace of V. 
The following proposition follows trivially from Lemma 2 since a mapping 
of the form 1 0 u is clearly a ring automorphism of JK . 
PROPOSITION 2. Suppose 3 is a quadratic Jordan algebra over a field F, 
and K is a finite normal separable extension of F. If si is any ideal of & invariant 
under all ring automorphisms of 3;K, then JZ = sqK, where $3 = 3 n 52. 
We will use the preceding proposition only for certain important ideals Jt. 
The following corollary contains everything that we will use. 
COROLLARY. Suppose J is a quadratic Jordan algebra over a field F, and XT 
is a finite, normal separable extension of F. Then 
1. %(J,) = !I& ) where 91 is a nil ideal in 3; 
2. 3GJ = Th > where ‘!+! is a nil ideal in 3; 
3. SI(&) = -I, , where I is a quasi-invertible ideal in J. 
Proof. The existence of !W, ?$, and a follows immediately from 
Proposition 2. The quasi-invertibility of XII follows from Lemma 1. The 
nilness of 9.R and ‘$3 follow from the known corresponding results on ‘32(JK) 
and 3(&). 
M’e now begin our proof of the desired result for separable algebraic 
extensions with the following lemma. 
hWUA 3. Suppose 3 is a semisimple Jordan algebra over a field F, and 
A- is a finite normal separable extension of F. Then, SK is semisimple. 
Proof. By- the Corollary to Proposition 2, S(JK) = C, , where G is a 
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quasi-invertible ideal in 3. But J semisimple implies I :. 0. Thus, 3Q) 0. 
which gives the semisimplicity of ,& . 
We now weaken the assumptions by assuming that 3 has no nil ideals 
and K/F is separable algebraic. The conclusion is also weaker, namely, Jh. is 
nondegenerate. However, as we noted earlier if J is finite dimensional, 
nondegeneracy- and semisimplicity are equivalent. 
LEMMA 4. Suppose 3 is a Jordan algebra over ajield F, and k- is a separable 
algebraic extension of F. If 3 has no nil ideals, then & is nondegenevate. 
Proof. Suppose x is a nonzero absolute zero divisor in z!K. Then, there 
emst cd1 )...) cxy, E K, u1 ,..., 11, E 3, such that u” = ollul + ... - a,,{~, . Let 
F’ = F(a, ,..., CX~), and let E be the normal closure of F’. Then, fi is a finite 
normal separable extension of F and .z E 3&). Thus, 3(&) == yEI where 
‘$3 =- 3(‘&) n J is a nil ideal in 3 (corollary to Proposition 2) a contradiction 
proving the lemma. 
Since for finite-dimensional quadratic Jordan algebras, nondegeneracy, 
semisimplicity, and absence of nonzero nil ideals are equivalent, we have 
proved the following. 
PROPOSITION 3. Suppose 3 is aJinite-dimensional semisimple Jordan algebra 
over a$eldF, and K is a separable algebraic extension ofF. Then, 3K is semisimple. 
Thus, to complete the results of this section, it suffices to prove the 
following lemma concerning purely transcendental extensions of semisimple 
Jordan algebras. 
LEMMA 5. Suppose 3 is a semisimple Jovdan algebra over a field F, and he 
is a purely transcendental extension of F. Then, .& is semisimple. 
Proof. Since K is a purely transcendental extension of F, let (pi I i EJ] 
(where I is some index set) be a transcendency basis for K over F; then, 
K = F(pi 1 iE1). 
H(JK) is an ideal in SK ; thus, by multiplying by a suitable element of K, 
we see that SI(JK) contains an element in F[pi I i E I] @ J. Suppose x is an 
element of minimal total degree in the pi’s among all elements of .Q(&) n 
(Fh I i ~11 0 3). 
Suppose x is of degree at least one in at least one of the p,‘s (i.e., suppose 
.x 6 3). Let pi be such a pI . 
Define an automorphism CJ on K by- plo pr - I, P~‘T =- p, (; = 1). Then, 
0 can be extended to an automorphism of & by fixing all elements of J. 
Then, XG - A+ is of total degree less than that of X, but .WT -- s E R(JK). 
Thus, .vcr = ?c. 
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Let K’ y H(pi j i # 1). Then, 
k 
s = 1 UjfJlj, 
,=I, 
If F is of characteristic zero, xo - x # 0, since the coefficient of &’ in 
m - .T is ka, # 0. 
If F is of characteristic p $- 0, (T is an automorphism of order p in 6, 
and its fixed field is E = K’(v), where 7 L= pin - pr . Thus, x E 3s (since 
xo = x). But since K is a cyclic extension of E, x E R(JK) n JE and 
3, = (3E)K implies x E !G&) by Lemma 1. 
Define a K’-isomorphism 7 of E = K’(T) to K’(pi) by 77 = pi . Then, 
r extends to an isomorphism, also denoted r of JE onto & . 
Let w E & be defined by XT = w. Then, w E R(J,), and the total degree 
of w in the pi’s is less than that of x (because of the definition of the mapping T), 
contradicting the minimality of the degree of LT. 
Thus, x must be of degree zero in each of the pi’s; i.e., x E 3. 
Hence, by Lemma 1, x E A(3). But 3 is semisimple. Thus, x = 0, which 
implies that JK is semisimple. 
By Lemmas 4 and 5, we obtain the following theorem. 
THEOREM 1. Suppose 3 is a semisimple Jordan algebra ouer a Feld F, 
and K is a separably generated extension $eld of F. Then, zK is nondegenerate. 
Then, using McCrimmon’s result that a finite-dimensional Jordan algebra 
is semisimple if and only if it is nondegenerate, we obtain the following 
theorem. 
THEOREM 2. Suppose 3 is a jkite-dimensional semisimple Jordan algebra 
oz’er a J;eid F, and K is a separably generated extension field of F. Then, 3K is 
semisimple. 
3. THE OBTAIN THEOREM 
In this section, we will prove the Main Theorem of this paper. 
First, we prove R(&) C R(3),x f or separablv generated field extensions 
K of F. To prove this, we use Theorem 2 and the following lemma. 
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LEMMA 6. Suppose 2 is a Jordan algebra, and !8 is an ideal in 3. If 21% 
is semisimple, Si(s) C 23. 
Proof. Suppose J/!B is semisimple and 4 is the natural homomorphism 
of J onto z/23. Let PI be a quasi-invertible ideal in 3. Then, YI6, is a quasi- 
invertible ideal in s/113 [6, Proposition 41. Thus, ‘84 -=: 0, from which it 
follows that 91 C 3. Thus, S?(z), being a quasi-invertible ideal, is contained 
in ‘27, as required. 
PROPOSITIOK 4. Suppose 3 is a finite-dimensional Jordan algebra ore,’ afield 
F, and K is a separably generated field extension of P. Then, Si(sx-) z S?(J)K . 
Proof. By Theorem 2, (J/51(,7)), is semisimple. But (3,!W(,?)), is iso- 
morphic to 3K/Si(3)K. Thus, by Lemma 6, .Q(3)KI Si(sK), as required. 
To prove the reverse inclusion, we will use nilpotent ideals in quadratic 
Jordan algebras. Despite the difficulties caused by the fact that the operator 
U, is quadratic in a, McCrimmon was able to prove results for nilpotent 
ideals in quadratic Jordan algebras analogous to many of the known results 
concerning nilpotent ideals in linear nonassociative algebras. For details 
concerning nilpotent ideals, the reader is referred to [lo]. 
PROPOSITION 5. Suppose J is a quadratic Jordan algebra over a jield I;, 
and J satisjies the minimum condition on inner ideals and the maximum condition 
on subalgebras. Then, for any$eld extension K of F, SI(B)n C H(&). 
Proof. By a result of McCrimmon’s [lo, Theorem 11, S?(3) is a nilpotent 
ideal in 3. (The hypotheses of this proposition arc precisely those of that 
theorem of McCrimmon’s.) From the definition of a nilpotent ideal [lo, 
p. 4743, it is clear that if !8 is a nilpotent ideal, then so is SK for any field 
extension K of F. Thus, K(a)K is a nilpotent ideal in JK , but S1(se) contains 
all nil, hence, all nilpotent, ideals in Jp . Thus, .ti(& C R(&). 
Then, combining Proposition 4 and 5, we obtain the Main Theorem of 
this paper. 
I\IAIN THEOREM. Suppose 3 is ajnite-dimensional quadratic JoJordan algebra 
oz>er a jield F, and K is a separably generated jeld extension of F. Then 
St(&) S<(S)K. 
4. A4~so~~~~ ZERO I)IVISORS AND E:XTENSIOSS OF THE BASE FIELII 
In this section we determine conditions on the Jordan algebra 3 that will 
guarantee the nondegeneracy of \1K for K a separably generated field extension 
of F. 
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If J, a Jordan algebra over a field F, has a nonzero absolute zero divisor x, 
it is clear that x is a nonzero absolute zero divisor in JK for any field extension 
KofF. 
The necessity of assuming K a separably generated field extension of F 
is shown by the following example: Let F be a nonperfect field of characteristic 
p # 0, and let K = F(u), where up = ac EF and 01 is not a pth power in F. 
Let YI = K. Then, the quadratic Jordan algebra %+ is clearly nondegenerate 
(in fact, it is semisimple), but 41, contains nonzero nilpotent elements. Hence, 
since 91K is commutative, ‘U,+ has nonzero absolute zero divisors. 
The following proposition is somewhat stronger than we need, but we 
prove it since the result is of some interest. 
PROPOSITION 6. Suppose 3 is a quadratic Jordan algebra ovey a field F, 
and K is a purely transcendental extension of F. Then, %(JK) = spK, where 
$3 = %(J,) n 3 is a nil ideal in J. Thus, if 91(J) = 0, then 91(&) = 0. 
Proof. We begin as in the proof of Lemma 5 replacing the Jacobson 
radical by the nil radical and using obvious properties of the nil radical 
instead of corresponding properties of the Jacobson radical to obtain the 
result that if ‘%(&) + 0, then ‘%(J,) n J is a nonzero nil ideal in 3. 
Let q :=: !R(‘&) n 3. Then, ‘$ is a nil ideal in J. Let 3 = s/9$3. It is 
clear that 5 is isomorphic to (J, ‘gK)/‘QK, where by (3, pK) we denote the 
Jordan subalgebra of & generated by 3 and $12,. 
Thus, 
Hence, %(sK) n 3 = 0. But since K is a purely transcendental extension 
of F, this implies that %&) = 0; i.e., JK/pK has no nonzero nil ideals, 
which implies (by usual radical properties) that %(JK) _C pK, but v C %(&) 
implies vK C %(s,) since %(JK) is an ideal in JK . 
Thus, KM = % > completing the proof of the proposition. 
By Lemma 4 and Proposition 6, we obtain the following theorem. 
THEOREM 3. Suppose ,7 is a Jordan algebra oaer a field F and K is a 
separably generated jield extension of F. If 3 has no nonzero nil ideals, then 
& is nondegenerate. 
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Proof. Since R is a separably generated extension of E, there exists a 
field E with F C E C K such that K/E is separable algebraic, and E/F is 
purely transcendental. By Proposition 6, JE has no nonzero nil ideals. Hence, 
by Lemma 4, (&)K is nondegenerate, but (3E)K = SK, proving the theorem. 
For the case K, a purely transcendental field extension of F, we can weaken 
the hypothesis of Theorem 3 and still obtain the same conclusion. First, 
we prove the result for K of finite transcendence degree over F. 
LEMMA I. Suppose 3 is a Jordan algebra over a jield F, and K is a pure13 
transcendental $eld extension of F of JSnite transcendence degree. Then, 
X3)K = 3&)~ 
Proof. \\:e prove the result by induction on the transcendence degree of 
K over F. It clearly suffices to prove the result for transcendence degree I. 
Thus, suppose K = F(p) with p indeterminate over F. 
Let (ui j i E I} be a basis for J(3) and let {z)~ j j E J} be such that {ui.[ u (~3~) 
is a basis for J (over F), where I and J are some index sets. Then, {ui> u CT., i 
is also a basis for JK over K. 
Suppose z E ,J(&). Then, there exist ur ,..., u,~ E {z+ ; i E I:, i~',~.,.~ ,... , 'z',~ E 
(.z,, j E J], and nonzero +r ,..., & such that 
Then, since J(3)R C J&), +71Ll~‘nc1 -I- ... -t +,,zI,, E J(JK). Thus, we can 
suppose z = : $n+12.n-.l I ... $ +,,v~,. , or changing notation slightly. 
Each $Z is a rational function in p with coefficients in F. Since ;I(&) is an 
ideal in zK , we can suppose each I+& is a polynomial fi(p) with coefficients in F. 
Suppose pi E F is a common root of the polynomials .f, ,..., fi.. Then, for 
each i, there exists g<(p) E F[p] with 
fib) =: (P - 4‘ri(P). 
Let 11 = (p - DL)-~z. Then, 3’ E J&). Repeating this procedure, WC can 
assume fi ,... , f,. have no common root in F. 
Let fi EF, and let 7 be the homomorphism of JK onto 3 (as F-algebra) 
that maps p onto /? and fixes J elementwise. 
Then, since z is a sum of absolute zero divisors in zip, zq is a sum of 
absolute zero divisors in 3. 
But q = f,(/3)e, + ... + f,.(/3)zqr i 0 since r1 ,,.., CL’,. are linearly in- 
dependent and the fi have no common roots in F. 
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Thus, 0 # q ~3(3), and this clearly contradicts the fact that {ui> u (wj> 
is independent. Hence, no such z could have existed. Thus, s(JK) _C 3(&, 
which combined with the obvious reverse inclusion completes the proof of 
the lemma. 
We now use Lemma 7 to prove the following theorem. 
THEOREM 4. Suppose J is a Jordan algebra over a field F, and K is a 
purely transcendental extension of F. Then, 3(& = 3(&). 
Proof. It is clear that if x E 3&), there exists a field E C K such that E 
is a purely transcendental extension of F of finite transcendence degree and 
x E 3&). Thus, x ~3(3)~ by Lemma 7. But 3(&C 3(3)K. Thus, 
3(JK)-c3(27)K> and the reverse inclusion is obvious. 
Thus, we obtain the following corollary, which is a strengthening of 
Theorem 3 for the purely transcendental case. 
COROLLARY. Suppose J is a Jordan algebra ovey a jeld F, and K is a 
purely transcendental extension of F. Then , J is nondegenerate if and only 
;f & is. 
5. THE RADICAL OF POLYNOMIAL RINGS 
In this section, we prove results analogous to those of Amitsur’s [l l] 
concerning the radical of the ring ‘U[p, 1 01 E I], where {pa 1 oi E I} is an arbitrary 
set of indeterminates over !K 
We consider the situation in which J is a quadratic Jordan algebra over a 
field F, and we form J[p,] = 3 OF F[p, 1 a: E I] (where (pa 1 01 E 11 is a set of 
indeterminates over F), the “quadratic Jordan algebra of polynomials in the 
indeterminates pa over 3,” 
We first consider the case of polynomials in one indeterminate. We begin 
with the following lemma. 
LEMMA 8. Let J be a quadratic Jordan algebra over a field F, p an indeter- 
minate over F, and % = !Yl(z[p]) n 3. If si(g[p]) # 0, then ‘3 # 0. 
Proof. Let R = H(J[p]). Suppose S? f 0, but $3 = 0. Let f(p) be of 
minimum degree among all nonzero elements of R Since A is invariant under 
all automorphisms of 3[p], f&t) = f (p + I) -f(p) E R But the degree of 
fo(p) is less than that of f(p). Hence, f&p) == 0. Thus, f(p + 1) = f(p). 
If F is of characteristic zero, this implies that f (p) == c, a constant. Thus, 
c E J n R =I ‘%, a contradiction since % = 0. 
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Suppose F is of characteristic p # 0. By an argument similar to that used 
in the proof of Lemma 5, one can show that f(p) E ,7[pl’ - p]. 
Suppose h(p” - p) t ‘3. Let & denote the ideal in J[p] generated by 
h(p”’ - p), and let 3 =- 0. n J[p” - p]. If R(p) E 5, k(p + 1) = k(p). But 
k(p) E G C: R. Thus, let k’(p) be the quasi-inverse of h(p) in J[p]. Then 
clearly, h’(p + 1) is the quasi-inverse of k(p -I- 1). Hence, R’(p + 1) = /z’(p). 
Therefore, h’(p) E J[pp - p]. Thus, k’(p) ED, which implies that X! is a 
quasi-invertible ideal in J[pp - p]. Hence, h(pr’ - p) E s\(s[pP - p]). 
Thus, returning to the mainstream of our argument, f(p) := g(p” ~ p) E 
R(J[$’ - p]). Th e map sending h(p) to h(p)’ - p) is an isomorphism between 
XP] and S[P” - p], Thus, g(p” - p) E %(J[pn - p]) implies g(p) G 51. But 
the degree of g(p) is less than that f(p), contradicting the minimality of the 
degree of f(p) and proving the lemma. 
Next, we prove that 92 is a nil ideal in 3. 
LEMMA 9. Let 3 be a quadratic Jordan algebra over a field F, p an indeter- 
minate over F and % == n(s[p]) n 3. Then, % is a nil ideal in 3. 
Proof. 91 is clearly an ideal in 3. Let 0 f Y E 91. ‘Then, prz E H(B[p]). 
Let q(p) E 3[p] be the quasi-inverse of pr2. Then, by a result on quasi- 
inverses [6, p. 6721, 
or 
q(p) = pZg(p) I’r, - py’ - p”rJ. (1) 
Substituting the right-hand side of Eq. (1) for the occurrence of q(p) yields 
p(p) = p4q(p) LT,,, - py2 - p”r” - pV - pV. 
Repeatedly substitute for q(p) its value from Eq. (1) in the most recent 
equation until the coefficient of q(p)l!,,, is pJPL for m 3 k + 2, where k is the 
degree of p(p). Then, the only term on the right-hand side of this equation 
of degree h 4 1 in p will be -p7~-1~“‘~-“, while the left-hand side will be of 
degree k. Thus, Y~B-+~ :.= 0; i.e., Y is nilpotent. Hence, ‘3 is a nil ideal. 
We are now ready to prove the following theorem. 
THEOREM 5. Let 3 be a quadratic Jordan algebra over a field F, p be an 
indeterminate over F, 3[p] =z= J @,I$], and +X = H(J[p]) n J. Then, 41 is a 
nil ideal and R(3[p]) ‘R @,F[p]. Hence, s[p] is semisimple if 5 contains 
no nonaero nil ideals. 
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Proof. Considering Lemmas 8 and 9, it suffices to prove that 
NXPI) = 92 OAfI* 
Let W denote 31(3[p]) and !l2[p] denote !J2 @,Fb]. 
Since 92 C !A and S3 is an ideal in 3[p], %[p] G H. ‘Jz[p] is clearly an ideal 
in J[p], Let 17 be the canonical epimorphism of 3[p] onto J[p]/%[p]. The 
kernel of 7 is ‘JL[p] C 9; hence, %[p] is a quasi-invertible ideal in J[p]. Then, 
by a result of McCrimmon’s [6, Proposition 41, it follows that the radical 
of ~[PI/~~~PI is WJW~ 
Let 3 = 31%. Then, 3[f]/%[P] is isomorphic to 3[p]. Then 
Thus, by Lemma 8, it follows that H(3[p]) = 0; i.e., A/%[p] = 0 or 
Ji = 92[p] as required to prove the theorem. 
Next, we generalize the results of Lemmas 8 and 9 and Theorem 5 to 
the situation of polynomials in an arbitrary set of indeterminates. This 
can be done by making some obvious minor modifications in the proofs of 
the aforementioned results. The final result in this case is the following 
analog of Theorem 5. 
THEOREM 6. Let J be a quadratic Jordan algebra over a field F, {p,, / 01 E I> 
an arbitrary set of indeterminates over F, J[p,] = J @,F[p, j oi E I], and 
‘% = R(3[pn]) n J. Then, ‘9l is a nil ideal in J, and H(J[p,]) = 
% gFF[pl j a E I]. Hence, 3[pa] is semisimple if J contains no nonzero nil 
ideals. 
We now want to use the results obtained thus far to obtain more informa- 
tion about the radical of polynomial rings over quadratic Jordan algebras. 
If I is any set, we will use the notation I 11 to denote the cardinality of 1. 
The ideal in 3 that was denoted ‘$2 in Theorem 6 will be denoted ‘$ to 
emphasize its dependence on the index set I. * 
It is clear that %, depends only on the cardinality of the set I giving the 
first statement of the following theorem. 
THEOREM 7. Let J be a quadratic Jordan algebra over a jeld F, [pa j a: E I} 
be a set of indeterminates over F, %I =-: 53(&l) n J, and J be another index set. 
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(i) IfIll --I I J;, theng, =- ‘JIJ. 
(ii) If:i; :; / Ji, then%,L%,. 
(iii) If i I / is infinite, SI(J[pa]) is a nil ideal it2 3[p,] (and herzce, is the 
nil radical of ,7[p,]). 
(iv) If 1 I 1 and I J j are infinite, 91, = sXJ. 
Proof. We noted (i) in the discussion before the statement of the theorem. 
(ii) It suffices to assume I C J and to prove flJ C $93, Let [p, u: E I} be 
a set of indeterminates and (& / /3 E J - 11 b e another set of indeterminates. 
Then, 3[p,, <,I is a polynomial ring over 3[pJ. Hence, by Theorem 6, 
is a nil ideal in ,?[p,]. (Although Theorems 5 and 6 were stated for the case E 
a field, they are equally valid if F is an integral domain and 3 is a faithful 
F-module). Thus, 91&J C 91&J ( since the latter is the radical of ?[p,,]), 
which implies 91, L 91, . 
(iii) Suppose j 1 1 is infinite and let p E (pa i 01~1) and [i3 13 E /) 
(pa I 01 EIJ - (pj. Then, J[pJ = 3’[p], where 3’ = J[&j. 
Then, by Theorem 5, JI(J[pJ) n 3’ is a nil ideal in 3’. But %(&J) n ,7’ = 
91&]. Since I 1 j =: j J I, %,[&I g %,[p,]. Thus, %,[p,] is a nil ideal in J[pJ. 
(iv) Let 1 I ; be infinite, let <, ,..., 5, be indeterminates, and consider 
{p, 1 01 cl] u {{r ,..., <,}. Let J be an index set for this last set of indeter- 
minates. Since j J j =:; 1 I 1, 
By (iii), $X&J, , &] is nil. If the set (5, ,..., 5,) is replaced by an infinite set 
of indeterminates {<a 1 /3 E J - 11, it is still clear that 9&[pa , &] is a nil algebra. 
sow, to prove (iv), suppose j 11 + j J 1 and 1 I j is infinite. Let {plj be a 
set of indeterminates of cardinality 1 11 and {<,) be a set of indeterminates of 
cardinality : J - I !. Then, 91,[p,, c,] is a nil ideal (by the result in the 
previous paragraph); hence, it is contained in R(J[pa , &I) = Yt,[p, , {,I. 
Thus, %b, > L’al C%AJ, , ~,I, w ic im h h . ~1 ies 9t, C 112,) but we have aJ C ‘X, 
from (ii). Hence, 9I, = 91,) as required. 
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